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An autonomous system when the frequencies of the linear system satisfy a relation which is close, with a frequency detuning e,
to an exact two-frequency internal resonance is investigated. The fact that there is an isolated periodic solution in the general
situation is established. The cycle occurs at a distance O(g) from zero in the case of third-order resonance and, at a distance of
O(\/E) in the case of second- and fourth-order resonances. Systems of a general from as well as Lyapunov systems are considered.
The problem of the stability of the cycles is studied. It is shown that, when small periodic perturbations of the order of u act on
the system being investigated, periodic motions exist in the P neighbourhood of zero for which € = O(Mk). In addition, ¢ = 1/2,
W = 1/2 in the case of third-order resonance and ¢ = 1/3, k = 2/3 in the case of second- and fourth-order resonances.© 2004
Elsevier Ltd. All rights reserved.

1. PRELIMINARY REMARKS

The problem of the existence of local periodic motions in the neighbourhood of zero of an autonomous
system has been fairly completely solved in the cases of Lyapunov system [1] and reversible systems
[2, 3]. The existence of a pair of pure imaginary roots is common to both cases, and this leads to the
existence of a one-parameter Lyapunov family which adjoins zero. The same family is found in reversible
resonance systems [4], but as follows from the subsequent discussion, in the general situation, it does
not occur in Lyapunov systems.

In systems of general form, the existence of local periodic motions cannot be deduced from the
existence of a pair of pure imaginary roots; these motions only exist in strongly degenerate cases. This
can be shown by analysing a second-order system.

In a system with two pairs of pure imaginary roots, a linear system allows of motion with two
frequencies. For this reason, it is only in a situation close to a resonance case that the non-linear terms
in the system lead to periodic oscillations in the neighbourhood of zero. Moreover, it can be expected
that a cycle occurs.

Within the framework of the theory of the periodic motions of systems with a small parameter, the
conclusions for Lyapunov systems {1] and reversible systems [2, 3] pertain to the rough cases [5] when
the problem is solved in the zeroth approximation with respect to the small parameter and the
perturbation belongs to the same class as the zeroth approximation. The problem of local periodic
motions using a change of scale reduces to a problem containing a small parameter, which is successfully
solved using the Lyapunov-Poincaré method. Hence, the existence of Lyapunov families in a Lyapunov
system and reversible systems is established.

Systems of general form, which are close to resonance systems, belong to non-rough systems. These
systems are studied by constructing [5] a new generating system which already contains a small parameter.
The basic idea behind this approach is to pick out the most substantial perturbations from the point
of view of the fact that periodic motions exist. The systematic development of the approach presented
in [5] enables one to investigate systems including all resonance systems.

A general theorem [5, Theorem 5] has been established for non-rough systems of standard form. On
carefully reading through the proof, it can be seen that the theorem yields the necessary and sufficient
conditions for a periodic motion to exist if the case of multiple roots of the amplitude equation is
excluded; only sufficient conditions are explicitly referred to in the formulation of the theorem. This
fact is important when solving particular problems as it enables one to estimate the completeness of
an investigation including that in this paper.

With the additional condition of existence of a first integral in the system being investigated, we obtain
a problem on the local periodic motions of a Lyapunov system. Periodic motions in this system have

1Prikl. Mat. Mekh. Vol. 68, No. 2, pp. 254-272, 2004.
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been considered in the case of exact two-frequency resonance [6]. Here, only the case of a “fixed sign”
integral was investigated if the resonance subsystem is taken into account at all. The case of a “non-
fixed sign” integral is considered below. Using the integral, the order of the system is reduced by one
and the resulting system depends on a parameter, the constant of the integral. In this case, a cycle exists
on each energy level and forms a “family of cycle” in the initial system.

Note that Lyapunov systems have interesting applications in non-holonomic mechanics [7].

In a Hamiltonian system with two degrees of freedom (in the case of general position), the phase
portraits (see [8, Chapter 8, Section 3.2]) give comprehensive information on the motion close to
resonance. However, in the case of these mechanical systems, it is sometimes convenient to use equations
in non-canonical variables (in quasi-coordinates, for example) and, in this sense, the results presented
below are also useful.

-Finally, we note that, when investigating a system which is close to a resonance system, it is convenient
to use a normalizing transformation which is continuous with respect to a parameter € (¢ is a number
which characterizes the detuning of the resonance) [9-11]. The basic idea behind such a
transformation is clear: the non-resonance terms CV)(g) (j = 2,3, ...), which become resonance terms
when € = 0, remain in the normal form of the system. On normalization, the required second-order
terms of the initial system are retained in the quadratic terms and C®(g) = C(Z)(O). If, however, 1:3
and 1:1 resonances are investigated, then the 1:2 resonance (with an accuracy of €) is not present. Hence,
there are no quadratic terms in the normal form and C®(g) = C®(0) + ¢(...). This means that only
C(3)(0) can be taken into account in drawing conclusions on the basis of a study of the normal form of
a system with an accuracy up to cubic terms inclusive.

2. CYCLE IN A SYSTEM CLOSE TO A RESONANCE SYSTEM

We will now consider a continuous system in the neighbourhood of the equilibrium and assume that
the system of the first approximation has two pairs =i, (s = 1, 2) of pure imaginary roots which satisfy
(approximately) the resonance relation

Ai+ph, = ike, K =const; p=1273

Ag = A(0) +ike, x,+pK, =K, XK, = const @1)

(e is a number which characterizes the detuning of the resonance) and that the remaining roots are not
multiples of the roots A;(0), A,(0). Simple roots are considered in the case of a 1:1 resonance.

Where € = (, the linear system admits of a family of periodic motions. It is also found that the whole
resonance system allows of local periodic motions. However, this motion arises in the form of a cycle,
and this cycle is located at a distance of O(g) or 0(\/5) from the equilibrium position.

We introduce two pairs of complex-conjugate variables z, Z; (s = 1, 2) corresponding to the roots
*+X (s = 1, 2) and, on separating out the explicitly linear approximation, we obtain

i = M2+ Z(2,2)+Z5(2,2,x), s =1,2
X = Ax+X(z,Z,x), x€R" (2.2)
Z¥(2,2,0) = Z¥(2,2,0) = 0, A = const
In the first group of equations (for z, z), we put
x=0, Z=2zP+7"+2,, Z, = o(z®

(Z§") are forms of order k) and we normalize the resulting system up to terms of the third order inclusive.
We then apply this transformation to system (2.2) and, then, obtain a system containing the parameter £

iy = AN, + HOM,n) + HO ) + H, (0, M) + eHy(e, M, M) + HX (e, 0, M, ¥),

s=12
2.3)

y = Ay+Y(e,n,n.y), yeR"
H,)(5,0,0)=0, Hf(e,m,m,0)=0, Y(g,m,1,0) =0, H* = o(|nl’)

(H, are normal forms of order k).
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We now change the scale in system (2.3): (z, z, X) — (€2, €1Z, £1x), 1 < 6 < 2, 6 = const and use the
polar coordinates

n, = Jrexp(i®,), M, = Jrexp(-i0,), s=1,2
As a result, we obtain the autonomous system

Py = & R,p(T, 0) + €R4(r, 0) + Jro(H¥ e "+ H**eief)

- i0,
0 *

iks+2‘ —[€,0,,(r, 8) + €105 (r, 0) + (H** e ' — Hi*e

¥ = Ay +£,°Y (&, £,/rexp(iB), €, Jrexp(-iB), £7y)
H* = H +eH,+H¥

M s=1,2
(2.4)

Il

H¥* = H¥*(g, ¢,./rexp(iB), g, Jrexp(-i0), e]y), © = 6, + pb,

which is periodic with respect to the angles 0;, 8, and contains the parameters € and ;. The terms in
€1, which are basic in the following account, are written out explicitly on the right-hand sides of system
(2.4).

System (2.4) has the standard form for the application of the Lyapunov-Poincaré method in the theory
of periodic motions [5]. We use the periodicity of system (2.4) with respect to the angle 6, and choose
0, as the new independent variable. Relation (2.1) enables as to introduce the resonance angle 6 instead
of the angle 8;. As a result, we have an (n + 3)-order system which is periodic in 6, (and in 6), where
the variables ry, , and 0 play the role of amplitudes and the vector y plays the role of an “angle”.

Theorem 1. A cycle

£ {0+ 0(g,)) " expli(6° - pB, + O(&,))] + O(e))}

Zl =

2, = g L(ro+0(g,)) “expli(8, + O(e,))] + O} 5
0, = [iAy+O(e)]t+05, 03 = const

x = 0(g))

of system (2 2) where ¢; = ewhenp = 2and &} = ewhenp = lorp = 3, corresponds to each simple
root (1}, 3, 8°) of the system of amplitude equations for the variables r1, 5, 0 in the &,-neighbourhood
of zero.

Proof. The existence of motions periodic in 8, of a system that is periodic in 8, and 6, which is obtained
from the autonomous system (2.4), is guaranteed by the general theorem in [5]. These motions exist
when g; < g, where &, is a certain positive number and

P =r+0(@,), 0=0+0() y=O0®E)
Now, on taking account of the scaling and the autonomy of system (2.2), we obtain the cycle (2.5).

Remarks 1. Theorem 1 yields the conditions for the generation of an isolated cycle in the e;-neighbourhood of
zero in a system of general form close to a resonant system.

2. It follows from Theorem 1 that, when analysing the problem, the investigation can be confined solely to a
resonance system.

3. In the case of a system possessing the additional properties, such as a Hamiltonian system, a Lyapunov system
or a reversible system, the amplitude equations have non-simple roots and Theorem 1 does not give the conditions
for a cycle, that is, an isolated periodic motion. In a Hamiltonian system, there is a cycle in each system, constructed
at a fixed energy level, and a “family of cycles” is formed in the initial system, that is, all of the periodic motions,
strictly speaking, will be non-isolated. References to this can be found in [8]. A similar situation holds in systems
with first integrals. Here, it is necessary to apply an assertion, similar to Theorem 1, to a system which has been
reduced using first integrals. It is easy to derive the corresponding assertion, and it is used below in the treatment
of a Lyapunov system. An assertion of the type of Theorem 1 also exists in the case of a reversible system.
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3. THIRD-ORDER RESONANCE
Suppose we have p = 2 in relation (2.1). Then, in system (2.4), we obtain

F, = 26R(0).Jriry + 267 (A, 1y + Ayry)r, + 0(€)

0, = (3-25)0, +€0,(8)r, r} * + €%(B,r, + B,yry) + 0(£%)

0 =0,+20, o =20,+KE
Rs(e) = a,cos0+ b sind, Q(6) = dR(6)/d0; s =1,2

(3.1)

(a5, b, Agj, By are real constants). We replace the two equations for 8; and 6, by a single equation for 6

-12

0 = e(k+r; "F) + € (B,ry + Byry) + O(£%)

F = —(ary+2a,r,)sin® + (br, + 2b,r,)cos®

Bl = B“+2le’ BZ = BlZ+2322

We then choose the angle 6, as the independent variable and write the system of amplitude equations
in the first approximation in € [5]

(a,cos8 + b sin®) frir, =0, s=12, F=0 (3.2)

Since r; # 0 (s = 1, 2) for the motions being considered, we obtain that system (3.2) only has a solution
in the case when

a)lb, = aylb, = —1g6° = -& (& = const) (3.3)

Note that conditions (3.3) cannot be satisfied in an unstable resonance system and, when conditions
(3.3) are satisfied, the system can be both unstable (b1b2 > 0) as well as stable in the second order
(b1b, < 0).

Suppose conditions (3.3) are satisfied. We then replace one of the two equations for ; in system (3.1)
by the equation

bty + byiy = € 1by(Ayry + Apyry)ry +by(Ag 1y + Apry)ry] + o(e2)
and, consequently, the system of émplitude equations [5] takes the form
tgd = § '
K+ (byry + 2byry)r; P icosd = 0
AP+ A*u+ AX =0, u=ryr (34)
A* = Ah+ AR, AL = Agb; s,j=12
We will now analyse the compatibility of system (3.4). In degenerate cases
a) A¥A% <0, A* =0
by Ay =0, A*Af <0 (3.5)
) Af, = 0, A*A% <0

O

the last equation of system (3.4) has a single positive root u’. Then, " = u’% 9 1 and, from the second

equation of system (3.4), we find
) = —kcos®®/(b, +2b,u")’ (3.6)

if by + 2b,u° # 0. The angle 9 is determined from the first equation of (3.4) and, for a fixed value of
the coefficient , the angle 6° has a unique value.

Consequently, in degenerate cases a-c, system (3.4) has a single simple root r3, 13, 6° and the root
when k > 0 necessarily corresponds to the root when k < 0.



Cycle in a system close to a resonance system 227
In the general cases
d)D>0, A*A%>0
e} D>0, A*A;"2<0 3.7

system (3.4) has one or two simple roots respectively, and r(l) is found, as earlier, from the equality (3.6).

Theorem 2. In each of case a—e, which have been enumerated above, in a system close to a resonance
system with the relation A; + 2, = ke (x = const.), one cycle (cases a~d) or two cycles (case ¢) are
generated in the e-neighbourhood of zero, and a cycle necessarily exists both when k > 0 as well as
when x < 0.

Remark. It follows from expression (3.6) that the cycle is generated in the neighbourhood of both a stable and
unstable equilibrium point.

4. STABILITY OF CYCLES
We will now construct the equation in variations for the solution (%, 73, 6%) by putting
Ar, = rs—r?, s=1,2, A6 =6-6°
subject to the condition, of course, that one of conditions a—e in (3.5) and (3.7) is satisfied. We obtain
Ai, = —eb, Jrry A8
AF b+ ArZ/bz = -2¢° [(2AF r1 + A*rz)Arl + (A*r1 + 2A22r2)Ar2]/0)2 4.1

(26,10 = b, )Ar, +2b,7°Ar,], ¥ = —2

2rir [ W, cos e’

The characteristic equation when € = 0 only has zero roots p
p = €p./ty, and, in order to find p., we construct the equation

—Px 0 “bn/’_(x)’(z)x

- 26Q2A% ) + A*r)) - p* —2e(A*r] + 245 —Ezls 0 o
2 =

Af =

0. Hence, when & # 0, we put

det
xb; o
2r?A/— A/:‘I) L3

Expanding the determinant, we write this equation in the form

(2172’1 bl"(z))

F = [(1+¢a,)ps+a)lpy+€a; = 0 (4.2)

2
a, = (rabyx) 1(2r%)
2 2
a; = xz(rg/r(l)){Zbl(Aﬁ —A%)F) +[(2b, + by)A* —4b A% + 2b,A% }

(the explicit form of the coefficient a; is not subsequently required).

It can be seen from the graph of the function F(p) (Fig. 1) that, when a; = 0 (the solid curve),
Eq. (4.2) has a single zero root and a pair of pure imaginary roots. When as > 0 (a3 < 0), the zero root
becomes a negative (posmve) root (the dashed curves), and the imaginary pair of roots is split. We also
note that the coefficient of p2 is equal to zero and a, >0. The application of the Routh-Hurwitz criterion
reduces to just the single condition a; > 0.
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o ’ p*

Fig. 1

heorem 3. The cycle in the case of a third-order resonance (A, + 2\, = xe) is stable if

AL+ A%+ AX =0, u>0
4.3)

2b,A%U° + [(2by + by)A* —4b A% 1u + 2b, (A}~ A%) >0

Remarks 1. Itis obvious that conditions (4.3) are compatible both for a stable (b;b, < 0) as well as for an unstable

equilibriom point.
2. Conditions (4.3) of Theorem 3 guarantee-the asymptotic stability of the cycle of system (3.1) with respect to
the variables r1,r;, 8 = 8 + 26,. Since it is obvious that the cycle of system (3.1) is stable, it is sufficient to investigate

it using just the parts of the variables ry, r,.

5. FOURTH-ORDER RESONANCE

We write out the normal form of the system when relation (2.1) with p = 3 holds

= 265[(A, 1y + Ay, + ROV F] + o(eD)

= (3-25)o, +€1[ler1+Bszr2+Q )" 2121 + o(ed)

(5.1)

8 =0,+30,, o =30,+KE, af:e; s=1,2

(4, By, a; and b, are real constants), and the functions R,(6) and Q(8) are introduced by the last relations
in (3.1). As in the case of a third-order resonance, we select the angle 8, as the new independent variable
and, instead of the equation for 6;, we use the equation for 6. The amplitude equations [5] for the

resulting third-order system, which is periodic in 8,, is then written in the form
Agri+Agr, + RO =0, s=1,2
212 _ o (5.2)

K+ Byry+ By, + 0,(0)r; )% +30,(0)r1r)

B, = B, ,+3B,, s=1,2

We will now analyse the compatibility of system (5.2). The quadratic equation
(5.3)

Ay’ + Ry(O)u+ Ay = 0; R,(8) = a,c0s0 + b,sin®
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with the parameter 8 with known constraints on the coefficients has one or two positive roots. In
degenerate cases when one of the coefﬁcwntsAu or A, is equal to zero, this constraint consists of the
inequality a3 + b3 < max{ |4} |, |4%|}.

We now. substitute the solution u(8) of Eq. (5.3) into the first equation of system (5.2) and determine
the root 8° from the equation

Ayy + AU’ (0) + (a,cos0 + b, sin@)u(0) J/u(8) = 0

}f)lnally, substltutmg r, = u(®")r; and 8 = 6° into the last equation of system (5.2), we find r} and
= LL(Q )r 1.

The algorithm which has been described proves the compatibility of system (5.2) and enables one to
derive the conditions for a simple root to exist.

Theorem 4. A cycle corresponds to each sxmple root (r}, 3, 8%) of a system of amplitude equations (5.2) in the
Ve-neighbourhood of zero when the system is close to a resonance system (A, + 3%, = Ke).

Remark. 1f follows from the third equation of system (5.2) that, in the case when B; = B, = 0, the existence of
a cycle is possible both for ¥ < 0 and for x > 0.

6. MULTIPLE ROOTS (A, + %, = xe)

We will now obtain the normal form of the system in the case of multiple roots

= 26 {(A, 1, + Ay ry)r + [R(8)r) + Ryy(8)ry) JriTs +
+ (0t,cos20 + B,sin20)r r, } + o(sf)

(3 2S)0) +& {B 171 + B 2r2+[Q51(9)"1+Q52(9)r2] -IV 372 3/2 s+

+ (- 0,8in20 + B cos20)ry _ 1 + 0(31) ©.1)
R(8) = a,cos®+bysin®, @ = dR(0)/d0; s5,j=1,2
e = 91+92’ 0)1 = 0)2+K€, E% = £

(Agj, By, ag, by, o, B are real constants). We write the amplitude equations for this system in the form

(A, +A52u2)u +[(a; +a,u )cosB+(bs1 + bu )sm(-)]u2 -
+ (0,020 + B,sin20)u’ * = 0, s=1,2 (6.2)
a+r F(u,8) =0 (6.3)

2
F(u,0) = B, +B2u2 + Z [(—(a,, + aszuz)sin9+
s=1

+ (b, +bu’)cos®)u’ > + (- o 5in20 + B,cos20)u’ ]

u= [rfr, B =B +B,, s=12

It is obvious that the problem of the compatibility of system (6.2), (6.3) reduces to an analysis of
system (6.2). A simple root (3,73, 8%, 73, = u of system (6.2), (6.3) corresponds to each simple root
(@®, 6%, u® > 0 of system (6.2).

The following theorem therefore holds.

Theorem 5. A cycle, which is generated in the Ve-neighbourhood of zero, corresponds to each simple
root (u°, 8%), u® > 0 of system (6.2).
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Remark. The conditions obtained above in Theorems 1-5 essentially solve the problem of the existence of a
cycle. A general theorem [5] is used here which yields the necessary and sufficient conditions, with apart from the
absence of multiple roots of the system of amplitude equations. The results obtained are complete in this sense.
However, use of the results requires an analysis of the roots of certain polynomials. It is found that, in special cases,
the problem of a cycle is completely solved.

7. LYAPUNOV SYSTEM

We will investigate system (2.1), (2.2) with the additional condition of the existence of a first integral
V = h (h = const) in the neighbourhood of zero, where V' is a smooth function. The existence of pure
imaginary roots Ay, A, and the resonance condition (2.1) indicate that the quadratic part I, of the function
V can be represented in the form

V2 = (,011‘1-0)27‘2+W2(X), O)S = |7LS|, s = 1,2

(W, is a quadratic form of x). We shall apply this case, which is the most interesting for applications,
not only to equilibriuin motions but also to steady motions. Note that the case of a “fixed sign” integral,
when there is a “plus” sign in front of ,, has been considered earlier [6].

Suppose the remaining roots are not multiples of A,. Then, when € = 0, the system has a Lyapunov
family corresponding to the root A; [1] and, when € = 0, two families now exist corresponding to A; and
A, that is, a second family arises. In the first family we have r; = O(k), ry, ||x||* = o(h) and, in the
second, r, = O(h), r, = O(h), ||x||* = o(k). It is found that when € # 0, a “family” of cycles arises in
which r; = O(r,).

Below, we investigate a “family of cycles” in a system with a first integral. In this case, without loss
in generality, we will consider the case when there is no additional system in the variable x.

Taking account of scaling and relation (2.1), we represent the integral 7 in the form

(pry—r))w, +xer; + 0(g)) = h* (h* =const) (7.1)

and consider motions for which #* = o(1). Then, the radius r; is determined from the integral (7.1) in
terms of r, and, instead of the fourth-order system (2.4) (y = (), we have a third-order system which
depends on i*. Next, we construct a second-order periodic system and apply the theorem from [5].
Then, on taking account of the fact that the integral (7.1) leads to definite relations between the
coefficients of the normal form, we have formula (2.5) for the “family of cycles”.

1. Third-order resonance. In accordance with the integral (7.1) in system (3.1), we have 2a; = a,,
2b, = b,. The system of periodic equations containing the cycle then has the form

dr, 1 . 32

7. q-72[4£(alcos9+b1sm6)r1 +0(g)] (72)
de _ 1 112 :

a0, = QZ{E[K+5r’ (—a,sin® + b, cosB)] + o(e) }

P, = -, +2e(—a;sind + b;cos0)] + o(€)

The syStem of amplitude equations always has the simple roots

12

Sr? = —Kbll(xlcoseo), tge0 = —a,/by, Y = af+bf (7.3)

which proves the existence of a cycle that exists for any sign of . The characteristic equation for the
cycle (7.3) acquires the form

03/2 0
det -p —4ey,r; cos8/(bywy) | _ 0
~5eb,/(2r) %y, ®, cos6”) -p

and always has a pair of real roots of opposite sign. The cycle is always unstable.
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Theorem 6. In a Lyapunov system which is close to a resonance system with the relations
A + 2X, = Ke, a unique cycle always exists at each energy level 2 = o(g). The cycle is generated in the
€- nelghbourhood of zero, it is unstable and is of a hyperbolic character.

Corollary. In a Hamiltonian system, which is close to a resonance system with the relation
A1 + 2A, = ke, a unique cycle

ri=r+0(E), r,=2r+0(E), 6, =-20,+0()+86

<D
Y
|

= —(0,+0(e)1+6,, 1) = ([xb)|/5x;)°, sin6° =0, Ky cos6°<0

D
©
1]

8] +20), ©, = |\, 65 = const
always exists at each energy level & = o(g), it is unstable and has a hyperbolic character.
Remark. In a Hamiltonian system, we have a; = a, = 0 [9].
2. Fourth-order resonance. In the case of a Lyapunov system, in relations (5.1) we have
A +3A, = A, +3A,, 3a,=a,, 3b, =b,

and the periodic system of two equations takes the form

dr, 1 . 2
% = 5—{68[A11+3A12+3J§(a1c0s6+b1sm6)]rl+o(e)}
2 2
a6 _ 1 B 12./3(~ a, sin® + b, cos®
E = de{e[K+ 1 +3B,+ 3(—a,;sinB+ b, cosB)r] +o(e)}

@, = -, +&[By; + 3By, +3./3(-a,sinb + b, cos8)]r, + o(€)

It is clear that, when the condition

[A;, +3A4, £3./3(a} +b7) (7.4)

is satisfied, the first of the amplitude equations has the solution

cos(0-y) = (A, +34,)/J27(a} +b}), tgy = b,/ (7.5)

Then, the value of /{ is uniquely determined from the second equation

2

1y = —klc>0, ¢ = [B,+3B,+12,/3(a} +b>)cos(8° +y)] =0
if the denominator c is non-zero. The existence of a cycle is thereby proved.

We will now construct the characteristic equation of the system in variations in the neighbourhood
of the cycle

: 0 [, 2,2 0

det —p ~18¢er| ,/3(a] + b])cos(6 + y)/m, =0
—evc/(mzr?) -p

from which it follows that the stability depends on the sign of the expression

k = —ccos(8” +y) (7.6)

When k > 0, the cycle has a hyperbolic character and, when & < 0, the cycle is stable.
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Theorem 7. When (7.4) is satisfied, a cycle in a Lyapunov system in a situation close to resonance
(M + 3%, = ex) is generated in the Ve-neighbourhood of zero. The cycle is defined by formulae (7.5)
and (7.6), it has a hyperbolic character when k& > 0 and is linearly stable when k < 0.

Remark. In a Hamiltonian system, we have Ay; = A;; = a; = 0[9)].

3. Multiple roots. We will now consider the situation when A; + A, = ke in a Lyapunov system. Then,
in accordance with the integral (7.1) in system (6.1), we obtain

Ayj = Ay, ay; =0y, by = by, 04 = 0y, Bi =By (=12

For these conditions, we write the periodic system

d

i -25[(A+a*cose+b*sin9+a1cos29+Blsinze)rf+o(s)]

e, ~ @, an
B £ K+ [B+2(-aysin0 +bycos0 - 05in20 + B,c0s20)r, ] + o(e) }

e, ~ @,

D, = ~m, +&[B, - a,sin0 + b,cos0 — a,sin20 + B,c0s20]r, + o(€)

2
A=A +Ap, ay =aptay, by =by+b, B-= z B
s, j=1
By = By + By, ay =ay +ay, by = by +by

The system of amplitude equations

R(®) =0, x+F®)r, =0

-2i6

R = A+Re(cye™®) +Re(ye ™)

-2i6

F )]

i

B +2[Im(cye ) + Im(ye
Cy = A +iby, Y=o +if

has the solution (), 8%), 3 > 0, if R(8%) = 0, F(6°) = 0. This means that a cycle exists if R(8) = 0 for
certain 0.
Note that the problem of finding the roots of the trigonometric expression for specified coefficients

A, as, by, ay, B does not present any difficulty.

We will now consider the problem of the stability of the cycle which has been constructed and construct
equations in variations for the solution (), 6°). We then write the characteristic equation and calculate

the roots

p’ = ~2cR(0°)/(Hwd)

c=B+R(8%), R(8°) = ~a,sin6’+b,cos8’ - 2a,sin26° + 2B, cos 20"
The stability when cR’(6") > 0 and instability when cR’(6%) < 0 follows from this.

Theorem 8. In a Lyapunov system which is close to a resonance system with the relation A; + A, = €x,

a cycle is generate in the Ve-neighbourhood of zero, if the equation R(6) = 0 has a root 6" for which
F(6% e 0. The cycle is linearly stable when cR’'(0) > 0 and is of a hyperbolic character when
¢R'(6") < 0.

Remark. In a Hamiltonian system, we have 4 = a. = a; = 0 [9].
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8. THE ACTION OF PERIODIC PERTURBATIONS

We will assume that small periodic perturbations of the order of {1 act on an autonomous system in the
neighbourhood of zero. Forced oscillations of amplitude O(1°), 6 > 0 would then be expected in the
general case. We will now investigate how non-linearities affect this amplitude. This problem, together
with the problem of the existence of oscillations, is solved by applying the general theorem from [5].
In a periodic system, a resonance situation arises [1] when the system has even just one frequency close
to the frequency of the perturbation. In order to elucidate the essence of the matter here, it is possible
to confine ourselves to analysing just the second-order system

1

X =-0y+X(x,y)+uX (|, x 1)

8.1
ox+Y(xy)+pY (U, x, 5,1, 0=p+xe, peN &)

y

(X and Y are non-linear terms, X; and Y; are 2z-periodic functions of 7 and x = const.)
We carry out the scaling: (x,y) — (ew, £1v). Then, in the general case, we have

3 3
X(e[-x’ E1Y) = €1X0(£1, X, }’), Y(el-x’ 81)’) = 81YO(€17 X, y)a € = Ellc(k?-z)

We now put &; = u'” and write system (8.1) in polar coordinates r, 8 (x = rcos6, y = rsin@). We obtain
the system

= e7[(Xy+ X,)cos® + (Yo + ¥,)sin6]
(8.2)

=p+ sfr"'[— (Xo+X,)sin@ + (Yy+ Y )cosO + Krslf'z

-
|

I, peN
in which
X(0, rcos®, rsinB)cosO + Y(0, rcos®, rsin@)sinf = Ar (A = const)
—X,(0, rcos®, rsin8)sin@ + Y (0, rcosé, rsin@)cos® = B (B = const)

System (8.2) contains the parameter €;. When g; = 0, system (8.2) permits of a 2r/p-periodic motion
e N)

r=r (r0=const), 0 = 0,(1) = pt+90, 6 = const
When ¢; # 0, the problem of the existence of periodic motions is solved by the simple roots of the
system of amplitude equations

2n
J[Aro + Xy (1)cos0, (1) + Y (1)sin0,. () ]dr = 0
’ :

2n s (83)
[1Br" - X, (1)sin@, (1) + ¥ (1) cosO (1) + x*r')dr = 0
0

X ()
Y (1)

X1(0,0,0,¢) = ay/2+a,cost+ b,sint +a,cost+ b,sint + ...

Y,(0,0,0,t) = af/2 +afcost + bfsint + a¥ cost + b sint + ...

(x* = xwhen k = 2 and x* = 0 when k > 2).
We write Eqgs (8.3) in the explicit form

3
Ar® +(a,+b¥)cos8’ + (a} ~b,)sing” = 0

0’ 0 * 0 ¥ . a0
Br +x*r +(a,~b,)cos8 —(ap+bp)sm9 =0
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In complex form, this system can be written in the form of the equation
(A+iBy” x4+ Ce™ =0, C = (a,+b¥) +i(a¥-b,)
from which, when x* = 0, we find the unique root ‘
= |C/(A+iB)|, 6° = arg(C/(A+iB)) (8.4)
In the general case for a positive root > 0, we have

3 *
O, AKE o ] cos(8, +0,-8% = 0

2
A*+B* [, B (8.5)
k*r’ + |[ClJA2 + B’sin(0, +0,-8") = 0, 0, = argC, 0, = arg(A—iB)

We then find /° from the second equality and, on substituting it into the first equation, we find

N AZ+ C°
A’ + B

cos(0, +0,+0,-0%), 1g0, =

4
Il

Hence, a non-degenerate system (C # 0) of amplitude equations always has a simple root. This means
that system (8.1) has 2n-periodic motion.

Theorem 9. For sufficiency small [ | # 0, the non-degenerate system (8.1) (C # 0) allows of a unique
2r-periodic solution of the form

x = u“3r0cos(pt+90)+o(u”3), y = u“3r0s1n(pt+9 )+o(u”3)

9. DEGENERATE OSCILLATIONS ACCOMPANYING A THIRD-ORDER
RESONANCE

We assume that a system which has been linearized in the neighbourhood of zero has two frequencies.

Then, when there is no “internal resonance” between the frequencies, oscillations of amplitude O(u'?)
occur with respect to that pair of variables that corresponds to a frequency which is close to the frequency
of the perturbating action, and the other pair has an amplitude O(p). The situation changes in the case
of an “internal” resonance when there is a relation of the form (2.1) in the system. Here, two pairs of
variables now oscillate with an amplitude O(u°) (¢ = 1/2 for a third-order resonance and ¢ = 1/3 for
second- and fourth-order resonances). In the treatment of these resonances, we will confine ourselves
to a fourth-order system which corresponds to the indicated frequencies. In the case of an “internal”
third-order resonance, the system in the complex-conjugate variables z and Z which has been normallzed
up to terms of the second order inclusive has the form

3, = i(3-28)0.2,+(a,+ib)2 5 " + Z4(2, 2) + WZ,, (M 2, 2, 1)

S

9.1)

W, = 2m,+ke, s=1,2

(as and b, are real constants and Z,, = O(||z|]%)).
We change the scale in system (9.1): (z, Z) — (g,2, £,7), & = p and now make use of the polar
coordinates 7y, 6,. As a result, we obtain

F, = 26,R(0) Jrir, + £,/ (Zx e 1 28y, 5= 1,2 9.2)

$12~1 (3 2 € % 718 =x 10
‘._—UZ(ZA‘ e —Z_‘- e s)
ir,

0; = 3-25)w, +¢,0.(0)r;

*® _ * * -3 i —~ig
Z¥ = g Z{+ZY, ZY = € Zy(eJre", g fre™)

Z¥ = Z (e v e re ), s =1,2; 0 =6,+20,
(the functions R(0) and Q,(8) are defined in system (4.1)).
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We will now calculate the functions
= Z,,(0,0,0,1) = XX (1) +iY¥5 (1)
Xs, =ay,/2 + b, sint + a,,sin2t + by cos2t + ...
Y5 =ad./2 + b sint + af sin2t + b¥ . cos2t + ...
and consider the resonance case when
© =p+KE, O =p/2-Ke, peN (x;,=const¢e= u", k21/2)
It is clear that, when g; = 0, system (9.2) has a 4m/p-periodic solution
ro=r, s=1,2 0¥=pt+0), 0Ff = -p1/2+6) (9.3)
which depends on four arbitrary constants ., 8%, and, when p = 24, g € N, the solution will be 27/p-periodic.

In order to solve the problem of the existence in system (9.1) of a periodic solution for sufficiently
small [u| # 0, we construct the system of amplitude equations [5]

2n
I{RS(G*)A/r_(l)rg+A/r_S[X:;(t)cos9;" Y¥(0)sin0}] } =0
0

2z
I{K*K5+QS(9*)r 7S+ [-X%(£)sin®% + Y¥ (t)cose*]}
0

94)

(x* = 1when k = 1/2, and x* = 0 when k > 1/2). We now write Eqs (9.4) in explicit form in each of
the cases

)p=2q, geN

F=2(a,cos0° + b, sin0%)rs + (a, + b;"l)cose(l) +(ay, - bpl)sine? =0

o= 21(*1(“/;? + (-—alsine0 + blcoseo)rg—

~[(a), - b,y)cos] - (a, +b%)sin6]] = 0 (9.5)
2(a,c050° + b,sin0°).Jrirs + (a - b)) cos8y + (ay + b,y)sin6) = 0

2K, P + (= ay5in@° + b,c0s0%) rlrs +

+(af+b 2)cosB (aqz—b;“z)sineg =0

2yp=2¢g-1, geN

F=0 ®=0, a,cos8’+b,sin6® =0 - 9.6
2 2

2x*k, + (- azsin90+bzcos60),\/72) =0
(6°= 0 + 209).

Theorem 10. A periodic motion

z, = 2 P exp{i((3-25)pt +6) + O )} + o(u'™), 5=1,2 (9.7)

of system (9.1) corresponds to each simple root of any of the systems of amplitude equations (9.5) and (9.6).
When p = 2g, q € N, the period is equal to 2r and, when p = 29 — 1, g € N, the period is equal to 4m.
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We will now analyses the conditions of Theorem 10. We first consider system (9.6). It can be seen
that the subsystem consisting of the third and fourth equations does not have a solution when r3 = 0 if
Kk* = 0. This means that 2n-per10d1c motions can exist if the detuning of the resonance & = p*, k > 1/2.
In this case tg6” = —aQ/bZ, and r is determined from the fourth equation of (9.6).

We a;/b; = ~tg8", we obtain from the equation F = 0

tg8} = ~(a,, +b¥)/(a¥ b,

and #} is uniquely determined from the condmon D = 0.
In the general case, when ay/b; # —tg6°, we write the first two equations of system (9.6) in the form
of a single complex equation

.0
. 0 -6’ 0 -io
2iK*K, 1 +2cie " rytcfe =0

(9.8)
¢, = ay+ib), cf = (a, +bi)+i(ay-b,)

We now determine 73(6°) from the last equation of (9.6) and substitute it into Eq. (9.8). The radius 7}
is then uniquely calculated from (9.8).

In all the cases considered, system (9.6) admlts of simple roots, and a 4n-periodic motion of the form
of (9.7) exists.

In the case of a 2n-periodic motion, the first two equations of system (9.8) are written in the form
(9.8). The remaining two equations are also conveniently represented in the complex form

.00
, 0 -i6° [00 -i8
2iK*K,y 1y + 20, Jriry+cke T =0 ©99)

C2 = a2+ib2, C;k = (aqz—b;kz)+l(a:2+bq2)

When «* = 0, system (9.8), (9.9) is easily analysed. This means that the problem of periodic motions
in the general situation, when the detuning of the resonance is small (€ = p¥, k > 1/2), which also includes
precise resonance, is solved.

When x* = 1, system (9.8), (9.9) is analysed by finding 75 from (9.8) and the solution of Eq. (9. 9,
which now only contains r7. Various special cases when one of the coefficients of (9.8) or (9.9) is
equal to zero are examined.

10. FORCED OSCILLATIONS ACCOMPANYING
A FOURTH-ORDER RESONANCE

We will assume that the system, when p = 0, is reduced to the normal form up to terms of the third
order inclusive

1(3 2S)0)Z +[C51|ZII +C_;2|Zzl ]Zs C* 7'z ; S+ZSO(Z: 2)+l-lzs1(ll, z 2 t) (10 1)
Csj = A +iB;, CF=a+ib, sj=12; 0 =3m,+ke

((Ay), By, as, b,) are real coefficients and Z; = O|[z [|%)). As in the treatment of a third-order resonance,
we change the scale in system (10.1), by choosmg gy = W . Then, in polar coordinates r;, 0,, we have

172 32 2 12

7y = 28 0(Ayry + Agry)r, + RO + 272z 1 7%

e, (10.2)

. 172
s

5~3/2 5/2 £

(3-25)@, + €2[B,yr, + By, + 0, (8)F 7%o'%

D-
Py
I}

1+ (z* b _Z%e

D)

R, = a,cos@+bsin®, Q = -asin@+b,cosd, 6 = 6,+30,; s=1,2

(the functions Z; have the same meaning as in system (9.2)). We will now consider the resonance case
when

® =p+¥E, 0 =pl3-x¢, peN (x,,=conste= uk, x22/3)



Cycle in a system close to a resonance system 237

Here, when & = 0, system (10.2) has a 6m/p-periodic solution

]

re=ry, s=1,2 8 =pr+6, 6, —%t+93

®, 80 are constants) and, when P = 3q, q € N, the solution will be be 2r/g-periodic.
We will construct the systems of amplitude equations in each of the possible cases

1) p=3q, geN

0 0 2 .
F=2(Ay )+ Apr) R+ RO +(a,, +b%)cosl + (a¥, ~b,y)sind] = 0

0 312
® = 2By, + Byt + 0,007 + (a¥ —b,)cos8) -
. o (10.3)
—(a,; +by))sind; + 2K*K; 1y

m
UAp P+ AP Jra+ Ry(O)r) 1+ (apy~by)cos0l+ (a¥ +b,,)sin6l = 0

0 in
2By + Bzz"(z))A/r_z +0,(0)r] ry+ (aj, + qu)coseg—
in
—(a,- b;"z)sineg +2K*Kyry = 0

2)p#3q, qe N

F=0, 2(Ayr+Apry)+Ry08))Jrr) =0 (10.4)
12
D=0, 2(Byr +Byry)+000)Jrirs +2k%,rs =0

Theorem 11. A periodic solution

2, = 12 [Pexp{i((3—25)pr + 6% + O™} +0(u'®), s = 1,2 (10.5)

of system (10.1) corresponds to each simple root of any of the systems of amplitude equations. In the
case of (10.3), the period is equal to 2w, and, in the case of (10.4), the period is equal to 6m.

11. FORCED OSCILLATIONS ACCOMPANYING
A SECOND-ORDER RESONANCE

We will write out the system in the complex-conjugate variables z and z

Z, = i(3-25)o,z, + [Csllzl,Z + Cszlzzlzlzs + [C;kllzllz + C512212]23—s +

=53

» (11.1)
+ CT*ZIZZ + Zso(z’ i) + “Zsl(u’ z, i’ t), § = 1’ 2

Here, Z, = O||z||%), Cy, C5, C&* are complex coefficients (s, j = 1, 2) and
O = p+KiE, O, = p-KE peN (k5 ,=const, €= uk, k=2/3)

When p = 0, system (11.1) is already reduced to the normal form up to terms of the third order
inclusive.

We change the scale: (z, z) — (€12, €,Z), & = um and then change to the polar coordinates 7, 0,
(s =1, 2). When g, = 0, the resulting system admits of a 2n/p-periodic solution

re=r, s=1,2; (-)1=pt+9(1), 62=—pt+eg

5 5

(%, 67 are constants). It is necessary to set up the system of amplitude equations
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nl
(C, 1r1+C2r2)A/—+(C“r1 >krz)e e’ ,/ +C"‘*A/—r3 <€ 2eT,

-ig?
+De o +2i1<*lcﬂ/r7s) =
Dy = (a, +by) +i(aj —b,)), D, = (a,-bl)+i(a,-b,)

(11.2)

= e? + 92
in order to solve the problem concerning the periodic solutions when e, # 0.

T heorem 12. A 2n-periodic solution of the form (10.5) corresponds to each simple root (13, 75,
69, 63),7) > 0 (s = 1, 2), of system (11.2).

12. APPLICATIONS

The theory of a cycle which has been described above finds application in the study of periodic motions
and their families in the neighbourhood of equilibrium and the study of steady motions in various
mechanical systems: conservative systems, Lyapunov systems and systems of general form (a heavy rigid
body with a fixed point, a heavy rigid body on an absolutely rough plane, three-body problems, etc.).

We will outline the formulations of two applied problems.

Due to the constant small acceleration imparted to it, a geostationary satellite “hovers™ all the time
above the same point of the Earth’s surface at a latitude ¢ [12]. The body of the satellite is at rest with
respect to the orbital system of coordinates [13]. These steady conditions are described by the equations
of translational-rotational motion, that is, by a twelfth-order system of general form. The results of an
investigation of the linearized system in the neighbourhood of the steady motion for different latitudes
have been presented earlier [13]. It is found that 19 third-order resonances occur when ¢ = 2°, of which
seven are two-frequency resonances. The majority of the resonances are due to the interaction of the
translational and rotational motions. Resonance curves have been presented and information has been
given concerning the behaviour of the coefficients of the normal form [13].

A heavy, rigid body on an absolutely rough horizontal plane admits of a one-parameter family of
permanent rotations of the following form: the body touches the supporting surface at one and the same
point of the body and rotates about the vertical passing through this point with a constant angular velocity
. At the same time, the centre of mass of the body describes a circle, which is parallel to the supporting
plane, with its centre on the axis of rotation [14]. The body is described by an invertible system of
differential equations [15]. The system allows of two first integrals, an energy first integral and geometric
first integral [14].

The characteristic equation, corresponding to the rotations [14], has two zero roots. One of these is
due to the one-parameter o-family of permanent rotations and the second is due to the existence of a
geometric integral. The remaining roots are determined from the equation

4 3 2
Kok + KU + K0 +KU+K, =0

When ® = 0 (equilibrium), we have x; = k3 = (. The reversibility of the system can be used in the
investigation of the neighbourhood of equilibrium.

In the case of Celtic stone, we have x; # 0, 13 # 0 ([14, page 122]). However, for a body in which
a, = a, and/or ¢ = 0 (mod ©1/2), we obtain k; = k3 = 0 (a; and a, are the principal radii of curvature
of the body surface at the point of contact of the body and the plane, and ¢ is the angle between the
direction of the principal curvature corresponding to the radius a; and one of the principal axes of
inertia).

When investigating the permanent rotations (® # 0), we use the integrals and we obtain a fourth-
order system which depends on the constant of the integral. The reduced system can be reversible both
in the case of a homogeneous ellipsoid [16] as well as in the case of a system of general form. In this
case, when x; = k3 = 0, the existence of a cycle is established by Theorems 2-5.

The above applied problems are important and each of them requires separate consideration,
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